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ABSTRACT: We establish the relation between the arcsine law and P(t < n), and we prove

that Sup;<yE % - SUpi<ooE % as N — oo and the rate of convergence belongs between

1
2(N+1)

E |Xi| VN and (1+¢) 13 for arbitrary € > 0, N> N,

N2
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INTRODUCTION

In (Chow, Y.S., Robbins, H., 1965) the existence of an optimal stopping time for % was
proved. The case P(t=c0) was considered by Klass, M, J (1973). In (Lai, T., L., and

Yao, Y.C., 2005) it was proved that: 0 < V(x, n) - Vy (X, n) < BN 083992 \here

N VN
V(X,n) = Supier E(Xn"L—JrStt ), T is the set of all stopping times, Vy(x,n) is the value function
of the finite horizon problem, moreover, authors give the formula: 0 < V(x,n) - Vi (X,
n) < bFN . P(X+S; < bpik, k= 1,..., (N-n), but the value of P was not given and there
was not result for the case of x =0, n =0.

In this work, by the structure of the optimal stopping time, the relation between the

arcsine law and P(t < n), we have the following results:

) Supse E % = limy_eSupiey E %'

b) Supi<eo E% - SuptSNE% <(l+¢) # , for arbitrary € > 0 and N> N,.
S S El X

C) SuptsooETt - SuptSNETt > ﬁ v N.
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2) (VN+1L.yNYy and vV = V*,

Let X; i1=1,2,... beindependent identically distributed (i. i. d) random variables
having EX; =0, VarX; =1. LetS,= X;+X,+ .... + X,,. We suppose that F,, is the o-
algebra generated by X,,....X,,, t isastopping time related to (F,,n=1,2,...), Tis
the set of all stopping times, TN is the set of stopping times such thatt < N. A
stopping time = € TN is said to be optimal in TN if:

Se S

(21)
In all this work we put:
V= SUpre EX | VN = Supeey B2, V= Limy_e, VN, (2.1a)
THEOREM (2.1)
Suppose that 7 is optimal in TN*1, u is optimal in TN then:
St Sp, —SN — —
E—-E m < fAM1 NTDN dP, Ansq = {Tt = N+1} (2.2)
PROOF
We construct the stopping t € TN such that :
{t=n}={r=n},n=1,2, ... (N-1), {t=N} = RN\ 3X¥"1{t = n},
hence we have:
St St — XN+1 SN
E—--E< _f{T=N+1} D) dP - f{‘t=N+1} NTUN dp, (2.3)
{r= N+1} is a cylinder in RN*1:
X
{r=N+1} = {RM\3{{t = n} } x {- 00 < Xy, < +o0} then Jee=nsny (N’V;l) dP =
. + oo XN _ N
[ . f{RN\zll\'(r=n)}' dPy, ... dPy, X [ m—:ll)dPXNH— 0 .(Loe’ve, M., 1960.
Chapters 2, 5, 7) (Neveu, J., 1964 Chapter 3)
By (2.3) and by p is optimal in TN the proof is complete.
THEOREM (2.2)
2
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V=V~ (2.4)

PROOF

Suppose (2.4) is not true then there exists a stopping time t such that:
ST —_— (o] Sn (o]
E?_Zl f{‘r=n}7 dP > V®+ ¢ . e>0 (25)
We construct a stopping time p < N such that:
{p=n}={r=n},n=1,2 ..., (N-1), {p =N} =RN\ UN"{r =n} and we have:

St
T

E SE%"+|I{ NP | + TR Sy 2P

p=N} N =n} n
By the strong law of large numbers and by the Fatou- Lebesgues theorem there exists

anumber N, such that for N > N, we obtain:

EX < v+ i+ (2.6)

T

| m

(2.6) contradicts (2.5) and the proof is complete.

3). Relation between the arcsine law and P (t < n), the rate of convergence.

3.1. LetX; i=1,2,... be (i.i.d) random variables having continuous, symmetric
distribution with

EX;=0,VarX; =1 LetS,= X;+X,+ ... + X},

Let K be the random variable defined by:

{K=k}={Ky =k} ={ Sk >So , - »Sk > Sk—1, Sk = Sks1,--»Sk = Sx}, k=0,1,....N.
(So=0) (3.1) Let the arcsine law: lim,,_,,, P(K < na ) = % arcsiivar , 0<

a < 1, a = const. (Feller, W., Vol. I, Chapter XII, 1966).

THEOREM (3.1)
Let T be the optimal stopping time inTN,

a) If there exists (tr =m) then:P(t<m)>P(1<K<m). 1<m<
N. (3.2)
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b) Pe>m)<P(K>m)+P(S;<0;...;Sy<0). 0<m<N-1L
(3.3

PROOF

By definition and by contradiction it is easy to prove that: { Sy, ...; Sy } = RN\ {1<K
< N}ifandonlyif:S; <0;...;Sy <0,then:

P(I<K<N) +P(S;<0;..;S5y<0) =1

(3.4)

By backward induction: (Chow, Y., S., Robbins, H., Siegmund, D., 1971):

(z=m) = {2 < EYY/Fy); . 222 < E(N/Finoa); 2 2 E(YNaa/Fin) }-

(3.5)
Where yX = SKN YN =max { 57"; EWN,, /Fo}, n =12,... (N-1).
(t=N)=RNMUN"Y(t=n).
(3.53)
We define the random variable K*:
. S Skt S S
{K*=k}={Sx >0, f > k“++1 , ?kz FN }.  k=12,...N. (3.6)
then {K =k} C {K*=Kk}.
On {K*= Kk} we have: —k > yN = S—” (by definition) and S?k > yN_; = ;
E(YN /Fy_1)), (because of = > 2N=2 and 2k > yX),
Similarly, it can be shown that ?“ > YN ., ... S?k > yN,; and S—lf >E (yN,,/ Fy),
hence:
. S
(K =K) CLE > E(va/Fi)} (3.60)
By (3.5):
(t>1%) C{E <E(vNr Fi)}
(3.7)
By (3.6a), 8.7):(K*= Kk n(t>k)=0,k=1,2, ... (N-1), so:
4
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{K=k)n (t>k)=0,k=1,2,..., (N-1),
(3.8)
hence (K =k) C (r <k)and UT* (K=k) C UT* (r < k) and (3.2) holds. Finally, by
(3.2) and (3.4) the proof is complete.

THEOREM (3.2)

If 7isoptimal in TN*then for an arbitrary & > 0 there exists a N such that:

_ (2N+1)! 2
aQP{t=N+1} <2 N+ < (1+£).m.. Ve >0,N>N;.
(3.9)
b) VN+1 YN < (1+e) 5. e>0 N> N..
N2
(3.10)
©) V-VN < (1+e). 5. £>0 N=>N,.
N2
(3.11)
PROOF
a)By (3.3) Pt=N+1)< P(K=N+1)+P(S; < 0; ...; Syy1 < 0) .
By definition: P(K=N+1) =P (Sy4+1 > 0;SNy+1 >S4 ... ; Sn+1 >SN ) = PN+t

(3.12)
The generating function G (s) of { p,} satisfies:

Log G(s) = ?% P(S,, > 0), (Feller, W., Vol. Il, Chap XII. 1966), for continuous

. . . . —l ooi :; o .
and symmetric distribution Log G(s)—2 o then G(s) = 1< s<1. and:
_ (2N+1)!!

PN+1 7 oNrz)n
(3.13)
P(S1<0;5,<0;... ; Syy1<0)= qnis

The generating function Q(s) of { q,,} satisfies:
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Q(s) = f% P(S,, < 0) (Feller, W., Vol Il, Chapter XII, 1966). For continuous and

symmetric distribution:

Q(s) = \/% -1<s <1 and qu4+1 = PN+1- (3.14)
By (3.13),(3.14) we have: P(7=N+1) < 2. ggig . By the Wallis' formula we
have
P(r= N+1) < —— asN - o and (3,9) holds.

JT(N+1)
b) If T is optimal in TN*1 then by theorem (2.1):

N+1 _ yN 1
v Vis (N+1)VN fAN+1

2L P Ayyy= {z=N+1},
applying the Schwarz ’s inequality to the integral and by (3.9) we have (3,10).
c) Utilizing (3.10) we have VvV -VN =Y 2(Vvrti-yn), N > N,

V- VN <11(1+e).([7 %7 dx+ 5 ) and (3.1) holds
Nz

3.2 — Now we consider the case of symmetric Bernoulli' s distribution: P(X;=-1) =
P(X,=1) = % \We apply the results of Sparre Andersen, E. and Spitzer., F, (Frank.,
Spitzer, Principles of random walk Chapter 1V, 1966).

Let N,, be the random variable defined by: N, = 0, N,= X760 (S;) where 6(x) =1 if
XER, x>0,and 6(x) = 0if x< 0, S§;=X;+... +X;,i=1,2,...,n. For symmetric

Bernoulli's distribution Sparre., Andersen, E. proved the following results:

1) P(N,=k) = P(Ny=k).P(N,_,=0) o<k <n
(3.15)

2) lim vz P(N,,= 0) = %

(3.16)

3) lim Vam P(N, =n) = e

(3.16a)
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_ ZOOP(Sk=0)
Wherec=e 1" «

(3.17)

THEOREM (3.1a)
Let 7 be the optimal stopping time in T™*1,
a) If there exists (t = m), 1<m <n+1 then:

P(tr <m) > P(1< Np,;<m)
(3.2a)
b)Pt =n+1) <P(N,;1=n+l) + P(N,,1=0)
(3.3a)

PROOF

By (3.15), (3.1) and by duality (Feller.,W., Vol Il, chapter XII, 1966 ) we have:
P(K;+1=K) =P(N,,+1= k); 1< k < n+1. In the case of symmetric Bernoulli's
distribution T can be constructed by backward induction, then the proof of (3.2a) is
like that for the proof of (3.2). By definition: P(N,,,;=0)=P(S; <0,...,S,,, < 0)
hence P(0< N,,; <n+1) =1 and (3.33) holds.

EXAMPLE

If (n+1) =7 then: P(r =7) = 23, P(N,=7) =P(K,=7) = 3.

P(N7:O):1-P(1 SK7S7): 2—3 P(T S5):§ > P(K7 S5):P(1SN7S
5) :g—f.etc.

By (3.15), (3.16), (3.16a), similarly to the proof of theorem (3.2) we have:

THEOREM (3.2a)
If T is optimal in T"*1 and n— oo then for an arbitrary € > 0 there exists a n, suck
that:
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a)P(t=n+l) < (1+8)ﬁ n> ng
(3.93)
b) VIl V< (L4 &) o n> n,
T4n4
(3.10a)
OV-V* < (1+¢) % n> ng
na
(3.11a)

Where §2= (% + /), cis given by (3.17).

4) The Lower rate of convergence.
LetX;,i=1,2, ... be independent and identically distributed random variables
having mean 0 and variance 1. Let S, = X;+... +X,, n=1,2, ...
LEMMA (4.1)
If 7 is optimal in TN then;

{S,<0,..., Sy <0}C{t=N}

(4.1)

PROOF

By the definition of 7 and by E(yN,1/ Fy) = E(22/Fy),n=1,2, ..., (N-1)

then: {r =n}C {2 2 EON/F)} {2 2 ECEL/F,)}C{Sy 2
0}, n=1,..., (N-1).
Because of UY " 1{r =n} C UY1 {S,, = 0} then:

{5, <0, ...,S5y <0} C{S; <0,....Sy_1 <0} C{7 =N} and the proof is complete.

LEMMA (4.2)
If DN={51<O,... ,SN<0} then:

a)fDN‘Nﬂ dP = —E[X)|, N21
(4,2)
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b) f SN dP = i, N > 1 for symmetric Bernoulli distribution.

(4.3)

PROOF
-s —s —s
a) fDNTNdP+fanTNdP :fDN_lTN dP where CDy =(Dy_4\ Dy).

By Sy =0 on CDy; we have:

~Sn ~Sn _N-1 ~Sn-1 :

fDN ar > fDN ) dP = f /FN—l) dP = ~ DN—1WdP’ then:
-SN N-1 _ N-2 1 X4

fou P = xS e XS

b) For symmetric Bernoulli distribution: (P{X;=1} = P{ X;=-1} = %) , on CDy:

{Sn_1 < 0,Sy = 0} then Sy = 0 and fCDN‘Nﬂ dP = 0, hence (4.3) holds.

THEOREM (4.1)

1
2(N+1)N

VN+1_ VN >

ElX,| VN >1
(4.4)
PROOF
Suppose that 7 is optimal in TN*! and t is optimal in TN, we construct the stopping
time u € TN*! such that:
{u =n}={t=n} if n=12,...,(N-1),
{u =N} ={t=N}\Dy where Dy={S;<0,..,Sy<0}.
{u=N+1} = R"*"\ Y {u=n} =Dy xRysq €Fy,
where Fy is a o - algebra of Q = RN*1,

R S Sn XN
E m E t  N+1 f(u N+1) N dP + f(u=N+1) N+1 dp

(n=N+1) €Fy then: [ _ AN+ gp N /Fy) dP= 0.

N+1) N+1 = f(p. N+1) (

-1 SN _ -1

SN 1)
m f(u=N+1)W - ﬁ D dexl dPXN xf—oo dPXN+1 :

By lemma (4.2) and by t is optimal in TN*1, the proof is complete.
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THEOREM (4.2)

1

_yN
v v 2(N+1)

EIX,] Vv N.

(4.5)

PROOF
By theorem (4,1) we have:

1
2(n+1)n

1
2(x+1)x

V-V =3 EIX:|. > EIXy| [

dx and (4.5) holds.
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